We evaluate the two-photon exchange (TPE) correction to the unpolarized elastic electron-proton scattering at small momentum transfer Q 2 . We account for the inelastic intermediate states approximating the double virtual Compton scattering by the unpolarized forward virtual Compton scattering. The unpolarized proton structure functions are used as input for the numerical evaluation of the inelastic contribution. Our calculation reproduces the leading terms in the Q 2 expansion of the TPE correction and goes beyond this approximation by keeping the full Q 2 dependence of the proton structure functions. In the range of small momentum transfer our result is in good agreement with the empirical TPE fit to existing data.
I. INTRODUCTION
The discrepancy in the ratio of the electric (G E ) over magnetic (G M ) proton form factor (FF) extractions, when comparing the unpolarized scattering using the Rosenbluth separation technique [1] with the scattering of a polarized electron beam followed by the recoiling proton's polarization measurement [2] [3] [4] [5] , or the scattering on a polarized proton target [6] , spurred a reconsideration of the formalism of elastic electron-proton scattering. The approximation of the exchange of one photon (OPE) fails at larger momentum transfers, when the relative contribution of the processes with exchange of two photons (TPE) increases [7, 8] ; see e. g. Refs. [9, 10] for reviews. During the last decade, TPE corrections were estimated in different approaches [8, [11] [12] [13] [14] [15] . Few direct measurements of the TPE corrections were proposed and performed at Jlab [16, 17] , at VEPP-3 [18] , and at DESY (OLYMPUS experiment) [19] , with the analysis of the latter currently in progress.
Besides the importance of TPE corrections at larger momentum transfers, when extracting the G E /G M ratio, recent high precision measurements of elastic electron-proton scattering at lower momentum transfer also make it necessary to better quantify the TPE effects in order to extract proton FFs. Despite the relatively small absolute correction to the electric and Zemach radii [20] , TPE corrections can significantly change the magnetic radii [21] , and therefore this correction has to be additionally studied. In this context, several improved evaluations of TPE box contributions with different intermediate states were
performed recently for elastic electron-proton scattering [22] [23] [24] [25] [26] [27] .
The importance of the qualitative and quantitative understanding of TPE effects is also necessary in view of the 4-7 standard deviations discrepancy in the proton rms charge radius extraction when comparing muonic hydrogen spectroscopy extractions [28, 29] with experiments using electrons [21, 24, [30] [31] [32] ; see Ref. [33] for a recent review. The TPE corrections constitute the leading hadronic uncertainties in the extraction of the proton charge radius from muonic hydrogen spectroscopy. Several recent works [34] [35] [36] [37] [38] [39] estimated that they account for 10% -15% of the correction needed to reconcile the proton charge radius extractions from muonic hydrogen spectroscopy and electron experiments.
In the region of very small momentum transfer Q 2 , the TPE corrections can be determined model independently. Consequently, each TPE calculation should give the same result or at least reproduce some characteristic features in the low-Q 2 limit. The leading term in the momentum transfer expansion (Q 2 ) arises from the scattering cross section of the relativistic massless electron on a point charged target in Dirac theory given by the so-called Feshbach correction [40] . This result was reproduced later by Brown in Ref. [41] as the leading term in the expansion of the TPE correction with the proton intermediate state (elastic TPE).
Brown also found that the subleading Q 2 ln 2 Q 2 term entirely arises from the elastic TPE, while the subleading Q 2 ln Q 2 term arises from both the elastic and inelastic TPEs. In Ref.
[ 41] it was shown that the inelastic TPE correction to the Q 2 ln Q 2 term can be expressed in terms of an energy integral over the total photoabsorption cross section on a proton target.
A recent numerical estimate of this term was given in Ref. [42] .
In this work, we extend the low-Q 2 limit of the inelastic TPE contribution beyond the leading Q 2 ln Q 2 term. We express its contribution in terms of the two unpolarized forward virtual Compton scattering amplitudes. In detail, the TPE correction is presented as a double integral over the virtual photon energy and the virtuality of the unpolarized nucleon structure functions. Our results reproduce the known Q 2 ln Q 2 term of Ref. [41] and get rid of the hadronic scale Λ dependence, which arises to the order Q 2 ln Q 2 , thus partially accounting for the Q 2 term and higher terms in the momentum transfer expansion. We keep the Q 2 dependence in the proton structure functions in order to reproduce the model-independent TPE correction at low momentum transfers, as well as to provide numerical estimates in the most accurate way.
The paper is organized as follows. We introduce the general description of the TPE correction to the unpolarized elastic electron-proton scattering in terms of the double virtual
Compton scattering process in Sec. II and reproduce the leading terms in the momentum transfer expansion of the elastic TPE contribution in Sec. III. We express the leading term of the inelastic TPE correction as an integral over the unpolarized proton structure functions in Sec. IV. We show in Sec. V that the subtraction function in the forward Compton scattering amplitude T 1 is negligible for elastic electron-proton scattering. In Sec. VI we describe the details of our evaluation of the inelastic TPE. In Sec. VII we show that our expression reproduces the known result for the leading Q 2 ln Q 2 inelastic TPE contribution.
We present the results of the numerical evaluation beyond the leading terms in Sec. VIII.
Our conclusions and an outlook are given in Sec. IX.
II. TPE CORRECTION IN TERMS OF VVCS
The elastic scattering of an electron off a proton target in the OPE approximation is described by the helicity amplitude,
with the electron (proton) initial and final momenta given by k, k (p, p ) respectively, the squared momentum transfer
, and the unit of electric charge e. The kinematics of the process and the electron (proton) initial and final helicities h, h (s, s ) are shown in Fig. 1 .
The electromagnetic vertex for the transition γ
is given by the Lorentz and gauge invariant form that preserves parity and charge conjugation symmetries:
with M the proton mass and F D and F P the Dirac and Pauli FFs of the proton, normalized to F D (0) = 1 and F P (0) = κ, where κ is the anomalous magnetic moment in units of e/ (2M ). The Dirac and Pauli FFs are often equivalently expressed in terms of the Sachs magnetic and electric FFs as 
The exchange of two photons contributes to the elastic electron-proton scattering through the TPE diagram shown in Fig. 2 .
FIG. 2: Direct and crossed TPE diagrams.
The lower blob in Fig. 2 is given by the double virtual Compton scattering (VVCS) process on a proton (see Fig. 3 ): 
where ε ν , ε * µ denote the virtual photon polarization vectors, N,N the proton spinors, and λ 1 , λ 2 (s, s ) the photon (proton) helicities. The initial and final virtual photon momenta q 1 and q 2 are related to the momentum transfer q and the loop variableq in Fig. 2 by
For the following, it is also convenient to introduce the averaged lepton (nucleon) fourmomenta K (P ), respectively, as
The TPE correction δ 2γ to the unpolarized e − p scattering cross section, due to the graph in Fig. 2 , in the leading order of the fine structure constant α = e 2 / (4π) can be defined as the difference between the measured cross section σ and the cross section in the OPE approximation σ 1γ as
The TPE correction δ 2γ is given by the interference of the one-photon exchange T 1γ and the two-photon exchange T 2γ amplitudes,
with the interference term
where m denotes the lepton mass, and where µ denotes the small photon mass, that plays a role of the IR regulator.
This result was obtained in two equivalent ways in the literature: either by considering the low-Q 2 limit of the box graph or by using dispersion relations for the invariant amplitudes of the elastic electron-proton scattering; see Refs. [26, 41] for details.
The correction of Eq. (10) is given by the graph with two Dirac structures γ µ in the photon-proton-proton vertices, which are independent of the proton structure. The VVCS tensor M µν point in this case is given by the sum of three nonvanishing terms [43] [44] [45] :
The amplitudes B The leading elastic contribution to the TPE correction of Eq. (8) is given by the contribution from the unpolarized VVCS amplitude B point 2
. Neglecting the subleading terms in the momentum transfer expansion (i.e. taking the limit Q 2 M 2 , M E, E 2 ), the leading terms in the Q 2 expansion for a Dirac point particle can then be obtained as
where we have introduced the propagator notations:
The expression in Eq. (13) 
, and notations
These amplitudes contribute to the VVCS tensor of Eq. (9) with the following tensor structures:
The other unpolarized amplitudes vanish in the Born approximation, i.e. 
When evaluating the TPE correction, one can simplify the calculation by using explicitly gauge invariance, i.e. q µ 2 L µνα = 0 and q ν 1 L µνα = 0 for the virtual photon momentas q 1 , q 2 . Consequently, we can use the identities:
Approximating the arguments of proton form factors as: Q contributions can be obtained from the effective near-forward VVCS tensor,
Note that in Eq. (22) the second argument of the VVCS amplitudes T
is given by replacing in Eqs. (23) and (24) 
The expression of Eq. (22) gives the correct forward limit, when q = 0. For a Dirac point particle, we checked that Eq. (22) We now turn to the inelastic contributions to the unpolarized forward Compton amplitudes T 1 , T 2 . They are expressed in terms of the VVCS invariant amplitudes B i in forward kinematics by
In this work, we choose the tensor form of Eq. (22) to describe the inelastic TPE correction and only keep the amplitudes B 1 and B 2 in the region of small momentum transfer.
We describe the VVCS invariant amplitudes
where we use the approximation q
for the VVCS amplitudes.
The near-forward approximation allows one to obtain the first two terms of the inelastic TPE expansion coming from the proton structure functions F 1 and F 2 :
Nevertheless, we keep the Q 2 dependence in all kinematic factors, but we do not pretend on the validity of our approximations beyond the expansion of Eq. (28) due to the contribution of double virtual Compton amplitudes besides B 1 and B 2 . The near-forward approximation of Eq. (22) is valid only in the region of small momentum transfer Q 2 . In Sec. VIII we will explicitly study the range in Q 2 over which such expansion provides a good approximation.
We obtain the TPE correction substituting the near-forward approximation of the VVCS tensor of Eq. (22) into the general expression for the cross section correction δ 2γ of Eq. (8):
with the photon polarization parameter:
The imaginary parts of the forward virtual Compton amplitudes T 1 , T 2 , by means of the optical theorem, are directly related to the unpolarized proton structure functions F 1 and
To obtain the real parts of the forward Compton amplitudes, we express the dispersion Compton amplitudes are given by
with the pion-proton inelastic threshold,
where m π denotes the pion mass. The unsubtracted DR for the T 1 amplitude is divergent due to the Regge behavior of F 1 structure function. Consequently, we use a once-subtracted dispersion relation for this amplitude with the conventional subtraction pointν = 0.
We find the contribution from the subtraction function
to be negligible in electron-proton scattering experiments; see the following Sec. V for details. The contributions from the unpolarized proton structure functions F 1 and F 2 to the TPE correction, which we denote by δ 2γ , respectively, are given by
Before discussing the inelastic contribution to δ 2γ , we first discuss the subtraction term in the T 1 amplitude regardless of the near-forward approximation of Eq. (22) . The subtraction
is expressed in terms of only two VVCS amplitudes B 1 and B 3 as
with the relevant VVCS tensor structures given by
The TPE correction due to the subtraction term, δ subt 2γ , arising from the amplitudes B 1 , B 3 , is obtained from Eq. (8) as
We express the loop integral of the first term of Eq. (39), denoted by I 1 , as
where we have defined a K as
On the other hand, since K 2 = Q 2 /4, we can rewrite the integral I 1 as
which exactly cancels the integral I 2 from the second term in Eq. (39) . Consequently, the subtraction function contribution to unpolarized elastic electron-proton scattering vanishes in the limit of massless electrons.
It is instructive to study the subtraction function contribution to the TPE amplitude T 2γ of elastic lepton-proton scattering, accounting for a finite lepton mass. The amplitude is given by
with the leptonic tensor
We study the TPE contribution due to the VVCS amplitude B 1 first. The − (q 1 · q 2 ) g µν term contribution is given by
Using the gauge symmetry in the tensor T 
Denoting
the contribution of the q µ 1 q ν 2 term is given by
Note that, according to the symmetry properties of the VVCS amplitudes [43] , the expansion of Eq. (46) also contains no q µ term for the case of VVCS amplitude
, (P ·q)) subtracted at an arbitrary point (P ·q) = M ν 0 . The amplitude B 3 contributes through only one tensor structure q We conclude that the T 1 subtraction function contributes to the (ūu) · N N term in the elastic lepton-proton scattering amplitude. This contribution is suppressed by the lepton mass 2 . In the language of effective field theories, the chiral (or axial) symmetry on the lepton side forbids the (ūu) · N N type structure for massless electrons, and therefore the contribution of the subtraction function vanishes in the massless lepton limit.
VI. EVALUATION OF THE INELASTIC TPE CONTRIBUTION
In this section, we describe the strategy to evaluate the inelastic TPE correction δ inel 2γ , which we will express as a two-dimensional integral over the unpolarized proton structure functions F 1 and F 2 :
To obtain the result of Eq. (48), starting from Eqs. (33) and (34), we will perform the integration, using two choices of Breit frames with the aim to cross check the method and its application. In a first choice, which we denote as P -frame, the kinematics of the external particles is defined by
In a second choice, which we denote as K-frame, the kinematics of the external particles is defined by
In either of these frames, we evaluate the weighting functions w 1 , w 2 by performing a Wick rotation in Eqs. (33) and (34) in the complexq 0 variable plane. The resulting TPE correction is given by the sum of the integral along the imaginaryq 0 axis and the contributions from the poles which are crossed by the integration contour. In addition to the photon and lepton propagator poles, there exist the hadronic poles coming from the dispersion relation propagators:
The pole positions are shown in Fig. 4 . The integration contour does not cross the photon poles Π q . The expressions of Eqs. We provide the expressions for the regions of these poles contributions and weighting functions w 1 , w 2 in Appendix C.
In this section, we describe the way to obtain the leading Q 2 ln Q 2 inelastic TPE contribution in terms of the total photo absorption cross section σ T [41] in our approach. For the region of small momentum transfer, we exploit the approximation [47] :
In the P -frame, the leading correction is coming from the leptonic pole, whereas in the K-frame, it originates from the hadronic pole. We present its derivation in the Kframe. The poleq 0 = P 0 − P − q 2 + W 2 contributes in the invariant mass region
For the leading contribution, we consider the W 2 integration up to infinity. For the case of small momentum transfer values, the integration region in the Q 2 variable is given by
We can replace the upper integration limit by infinity, but the approximation of Eqs. (52) and (53) will not contribute to the term proportional to Q 2 ln Q 2 , and therefore we integrate up to the squared hadronic scale Λ 2 .
The logarithmic term comes from the regionQ 2 Q 2 . Accounting also for the pole
With account of the proton structure functions approximation of Eqs. (52) and (53) the leading term of the TPE correction expansion is expressed as
3 Note that the numerical evaluation of Ref. [42] corresponds with a specific choice of hadronic scale,
with the following integrals:
Performing theQ 2 integration, we obtain the leading logarithmic contributions,
which sum up to the known expression of Ref. [41] .
When also accounting for the Q 2 terms in the expansion of Eq. (48) for the TPE correction, the hadronic scale Λ dependence in Eqs. (62) and (63) drops out.
VIII. RESULTS AND DISCUSSION
Having verified the leading Q 2 ln Q 2 contribution for the inelastic TPE, we next discuss the numerical evaluation of Eq. (48) including theQ 2 dependence of the structure functions.
As a numerical check, we evaluate the weighting functions w 1 and w 2 both in the Kframe and P -frame, in Figs. 6. When adding the integral along the imaginary axis with the pole contributions, we checked that we obtain the same result in both frames. Despite the finiteQ 2 ranges of the poles contribution, which are distinct in the K-and P -frames, 2 and in the lower panels for
We perform theQ 2 integration first and express the resulting TPE correction δ inel 2γ in terms of the W 2 integral as
In Fig. 7 , we present the result for the W 2 integrand for different inputs of proton structure functions and compare our full calculation with the approximation of Eqs. (62) and (63) with Λ ≈ 0.6 GeV. To describe theQ 2 dependence of the unpolarized structure functions, we use the empirical fit performed by Christy and Bosted (BC) [48] , while for the logarithmic approximation in the Fig. 7 , we also use the SAID Partial-Wave Analysis Facility [49] for the photoabsorption cross section. The BC fit is valid in the region 0 <Q 2 < 8 GeV 2 , M + m π < W < 3.1 GeV. This fit is not very accurate in the threshold region near Q 2 = 0, although it is still compatible with the error bars of the photoproduction cross sections. We checked that difference between using the SAID and BC fit in the region of less than 2%-3%, when interpolating the SAID parametrization to the Regge behavior.
The main inelastic TPE contribution is given by the πN -channel. The singular peak at
E corresponds to the quasireal photon singularity (when both photons in the two-photon box are quasireal and collinear with either lepton). This singularity appears only for the beam energies above the pion threshold.
In order to clarify the validity of the inelastic TPE estimates, we study numerically the low-Q 2 expansion of the δ inel 2γ coming from the F 1 and F 2 structure functions. In Fig. 8 , we present the ratio between the TPE correction δ inel 2γ (Q 2 ) and the low-
(Q 2 ) in the form of Eq. (28) for the energies of available data. We compare the
expansions. We perform the fit in either the variable Q 2 /E 2 or Q 2 / (M E) in a range which is 100 times smaller than the range displayed in Fig. 8 We expect the same type of expansion for the TPE contributions from other amplitudes. The resulting inelastic TPE correction as a function of Q 2 for the beam energy E = 0.18 GeV is shown in Fig. 9 . We compare the Feshbach term for pointlike particles, the elastic TPE correction in the model with dipole form factors [26] , the approximation of Eqs.
(62) and (63) with Λ ≈ 0.6 GeV and the result of Ref. [42] . The difference between both Q 2 ln Q 2 curves comes from the term of order Q 2 and appears due to the different choices of We compare the TPE corrections as a function of the ε variable for Q 2 = 0.05 GeV Fig. 10 (11) . The inelastic proton excitations compensate the proton form factor effects, and the resulting TPE correction comes closer to the Feshbach term. For the small momentum transfer Q 2 = 0.05 GeV 2 , where we expect the validity of the nearforward approximation for ε 0.7 or Q 2 / (M E) 1/5, our calculation is in good agreement with the empirical TPE fit of Ref. [21] in the region ε > 0.35 − 0.4 as one notices from as shown on Fig. 11 , the predicted TPE correction is found to be in reasonable agreement with the empirical fit of Ref. [21] , confirming the proton charge radius values extracted with this TPE correction.
IX. CONCLUSIONS AND OUTLOOK
In this work, we have evaluated the leading terms in the momentum transfer expansion due to the inelastic TPE contribution to the unpolarized electron-proton scattering. We expressed this inelastic TPE contribution as an integral over the VVCS amplitudes. The MAMI [21] at small momentum transfers. This agreement confirms the value of the extracted electric charge radius from the data of Ref. [21] . Increasing the momentum transfer, the TPE correction starts to deviate from the data fit, still following its shape. To further test the region of applicability of the near-forward approximation, a detailed dispersion relation analysis of separate channels contributions (e.g. the πN -channel) for nonforward kinematics will be needed. Such a comparative study will be performed in a forthcoming work.
Appendix A: Some VVCS amplitudes and tensor structures
The three nonvanishing VVCS amplitudes for the case of two Dirac couplings γ µ in the photon-proton-proton vertices in Fig. 3 are given by
where the relevant VVCS tensor structures have the following form:
Appendix B: Evaluation of the forward limit of the Feshbach correction
The leading term in the low momentum transfer (Q) expansion for δ 2γ comes from the following term in Eq. (13):
We perform the integration in Euclidean space in this Appendix. The Euclidean coordinatesq E can be expressed through the Minkowski coordinates ν, q bỹ
where we use the index "E" for the notation of vectors in Euclidean space.
The leading term of the Feshbach correction can then be cast into the form
with
Using the Gegenbauer polynomials value C n (0) = (−1) n/2 · (1 + (−1) n ) /2 and the orthogonality relation for vectors q, x, y in Euclidean space
the integral of Eq. (B3) simplifies to the following expression:
is IR finite. Numerically, the result of the integral does not depend on small Q M andμ 2 values, so we can neglect terms of orderμ 2 ,
The resulting TPE correction is given by
reproducing the low-Q 2 behavior of the Feshbach correction; see Eq. (11).
Appendix C: TPE correction in terms of the unpolarized proton structure functions
In this Appendix, we present the expressions for the pole contributions as well as the contribution from the integral along the imaginary axis to the weighting functions w 1 , w 2 , which appear in the TPE correction of Eq. (48) .
We first present the results in the P -frame, defined by Eq. (49) . The contribution to the weighting functions w 1 , w 2 arising from the leptonic poleq
the P -frame is given by
with coefficientsB andC +D following from Eqs. (35) as
Pq 0 ,
In Eq. (C2),q n 0 stands for the sum of two integrals with either ± signs:
The integration regions are given by 0 ≤q 0 ≤q
We do not consider the hadronic pole in the P -frame. It contributes only in the region of large momentum transfer:
The integral along the imaginary axis contributes in the range 0 ≤Q 2 ≤ ∞.
As a check of our calculations, we also provide the expressions evaluated in the K-frame, defined by Eq. (50). The leptonic poleq 0 = K − q 2 + m 2 contribution to w 1 , w 2 evaluated in the K-frame is given by 
in terms of the integrals of Eqs. (C9), where
TheQ 2 integration region is given by
The contribution to w 1 , w 2 arising from the hadronic poleq 0 = P 0 − P − q 2 + W 2 in the K-frame is given by
with the notations
and master integrals
The integration region is given by
The contribution to the weighting functions arising from the integral along the imaginary The experimental input for the proton structure functions is taken from the Christy-Bosted fit [48] . The vertical dashed lines restrict the region of validity of the expansion for the inelastic term 
